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Abstrat
Arnold pointed out that the Euler equation of inompressible ideal
hydrodynamis desribes geodesis on the group of volume-preserving dif-
feomorphisms. A simple analogue is the Euler equation for a rigid body,
whih is the geodesi equation on the rotation group with respet to a
metri determined by the moment of inertia. The metri on the group is
left-invariant but not right-invariant. We will redue the geometry of suh
groups (using tehniques popularized by Milnor) to algebra on their tan-
gent spae. In partiular, the urvature an be expressed as a biquadrati
form on the Lie algebra. Arnold's result that motion of inompressible
uids has instabilities (due to the setional urvature being negative) an
be reovered more simply. Surprisingly, suh an instability arises in rigid
body mehanis as well: the metri on SO(3) orresponding to the mo-
ment of inertia of a thin ylinder (oin) has negative setional urvature
in one tangent plane.
Both ideal uids and rigid bodies an be thought of as hamiltonian sys-
tems with a quadrati hamiltonian, but whose Poisson brakets are those
of a non-nilpotent Lie algebra. We will also desribe a dierent point of
view towards three dimensional inompressible ow in terms of the Cleb-
sh parametrization. In this piture, the Poisson brakets are represented
anonially. The hamiltonian is represented by a quarti funtion.
This is meant mainly as an expository artile, aimed at a mathemat-
ial audiene familiar with physis. Based on Letures at the Chennai
Mathematial Institute and the University of Connetiut.
∗
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1 Introdution
Unlike in mathematis, the problems of physis tend not to be very old. Exper-
imental advanes onstantly invalidate old ideas or introdue ompletely new
ones. However, the problem of understanding a non-integrable dynamial sys-
tem (`haos') is as old as physis itself and is still largely unsolved. A par-
tiularly virulent example is the phenomenon of turbulene in uid mehanis:
when veloity exeeds a ritial value, the ow suddenly beomes irregular and
unpreditable exept by very ne numerial methods. A theoretial understand-
ing of this phenomenon, perhaps along the lines of Wilson's theory of seond
order phase transitions, remains a great hallenge.
A separate question is whether the partial dierential equations of hydrody-
namis (Navier-Stokes or Euler) have unique solutions and how regular they are.
This has been reognized as a mathematial hallenge worthy of the best ana-
lysts. Even though the two problems in physis and mathematis are dierent,
one hopes that ideas from one will ross-fertilize the other.
We begin by reviewing the basi equations of the subjet. For simpliity and
brevity, it is hard to beat the lassi text by Landau and Lifshitz [1℄. For the
geometrial formulation, the referenes are the books by Arnold and Khesin [?℄
and Kambe [4℄ . The expository artile by Milnor [8℄ shows how the geometry of
a group an be redued to algebrai questions on its tangent spae. This will be
important for us beause it allows us to avoid dening an innite dimensional
manifold. We an redue everything to vetor spaes and linear operators on
them: muh simpler tehnially, while the geometry of manifolds ontinues to
provide powerful intuition in the innite dimensional ase.
1.1 Ideal Fluids
We will onsider only ideal non-relativisti uids; that is, a uids whose veloi-
ties everywhere are small ompared to the veloity of light and in whih losses
due to frition (visosity) are small enough to be ignored.
1.1.1 The Two Time Derivatives
There are two ways of thinking about the time dependene of any physial
quantity in a uid: at a xed loation in spae or, along the ow of the uid.
The rst is the partial derivative
∂
∂t
and the seond is the total (or material)
derivative
d
dt
. They are related by
d
dt
=
∂
∂t
+ Lv
where v is the veloity of the uid and Lv is the Lie derivative. On a salar
eld it is just
dφ
dt
=
∂φ
∂t
+ vi∂iφ
2
We will also be interested in the ase of a density. A density on a manifold
is simply a dierential form of the highest possible rank ( i.e., equal to the
dimension of the manifold), ρdx1 ∧ · · · dxn. Although it has one independent
omponent like a salar, the Lie derivative of a density is dierent from that of
a salar:
Lvρ = ∂i[ρvi].
The divergene of a vetor eld an be dened as
div v =
1
ρ
Lvρ = 1
ρ
∂i[ρv
i].
The time derivative of the veloity eld itself requires a dierent idea. Sine
Lvv = [v, v] = 0, the Lie derivative does not apture its variation due to the
motion of the uid. Using a Riemannian metri g of the manifold in whih the
uid is moving ( more preisely, using its Levi-Civita onnetion ∇) we an nd
the aeleration of a uid element as
dv
dt
= ∂v
∂t
+∇vv
dvi
dt
=
∂vi
∂t
+ vj∇ivi
where, as usual,
∇ivj = ∂ivj + Γjikvk, Γjik =
1
2
gjl [∂iglk + ∂kgil − ∂lgik] .
1.1.2 Conservation of Mass
The rst law of motion of the uid is just the onservation of mass:
∂ρ
∂t
+
∂
∂xi
(
ρvi
)
= 0 (1)
We an write this also as
dρ
dt
=
∂ρ
∂t
+ Lvρ = 0
in terms of the material derivative. It is lear that this equation does not
make use of the Riemannian metri of the manifold M in whih the uid is
moving.
1.1.3 Conservation of Momentum
For a uid without external fores, Newton's seond law gives
ρ
dvi
dt
= −∇ip
where p is the pressure and d
dt
is the derivative taken in the o-moving
referene frame of the uid. It inludes the expliit time derivative as well as
the hange due to the motion of the uid element:
3
∂vi
∂t
+ vk∇kvi = −1
ρ
∇ip. (2)
It an be re-expressed as the onservation of momentum density:
∂(ρvi)
∂t
+∇kT ki = 0 (3)
where the stress tensor density is
T ki = pδ
k
i + ρv
kvi.
This equation does use the metri of the underlying spae, whih is often take
to be Eulidean in physial appliations. But there are physially interesting
ases of uid motion on a urved geometry as well: the oean or the atmosphere
of a planet an often be thought of as a uid on the surfae of a sphere.
1.1.4 Equation of State
So far we have one salar equation and one vetor equation for the unknown
quantities ρ, p, vi.We need one more salar equation to have enough information
to determine them. This is given by an equation of state: a relation between
pressure and density. A model that works well in many situations is the law
p = Aργ , (polytrope) for some onstants A, γ harateresti of the uid . For
the atmosphere in the adiabati approximation, γ ≈ 1.4.
1.1.5 The Wave Equation of Sound
Before studying any non-linear equation in depth, we must understand its linear
approximation. If the gradient of the veloity is small and the departure ρ1 of
the density from some average value ρ0 is small, the above equations linearize
to
∂ρ1
∂t
+ ∂i
[
ρ0v
i
]
= 0
∂(ρ0v
i)
∂t
+ κ∇iρ1 = 0.
where κ =
[
∂p
∂ρ
]
ρ=ρ0
. By dierentiating the rst equation w.r.t. time and
putting in the seond we get
∂2ρ1
∂t2
− κ∇i∇iρ1 = 0
whih is the equation for some wave propagating with veloity c =
√
κ.These
are sound waves. Thus sound is the innitesimal manifestation of uid ow.
4
1.1.6 Isentropi Flows
If there is a funtion w (`enthalpy') suh that
∂iw =
1
ρ
∂ip
the ow is said to be isentropi. It basially means that no heat is lost or gained
by the system. Then the seond equation of motion an be written as
∂vi
∂t
+ vk∇kvi +∇iw = 0. (4)
We still need an equation of state giving w as a funtion of ρ.
1.2 Inompressible Fluids
If the time dependene of the density is small enough to be ignored,
∂ρ
∂t
= 0
we say that it is inompressible. Then ompressiblily κ tends to innity: the
speed of sound is innite. More preisely, the speed of the uid ow is small
ompared to the speed of sound. In this ase we get the equations of Euler:
∂k
[
ρvk
]
= 0 (5)
∂vi
∂t
+ vj∇jvi + ∇
ip
ρ
= 0.
The density and the metri of the manifold ontaining the uid should be
given; p is a Lagrange multiplier enforing the ondition of inompressibility 5.
Inompressible does not mean onstant density
It is often stated inorretly that an inompressible uid must have onstant
density. Inompressibility only means that the density is given as a funtion of
spae and is independent of time: it is not a dynamial variable. The atmo-
sphere of the Earth, for example, has density dereasing with height; yet the
atmospheri ows (winds) have veloities muh lower than the speed of sound.
The atmosphere is an inompressible uid.
1.2.1 Boundary Conditions
We have not said muh about the underlying manifold M on whih the uid
ows. In most ases of interest it is a domain of Eulidean spae. But it
is useful to onsider the more general ase of a Riemannian manifold, as the
mathematial onepts are more lear then. Even in physis, oasionally one is
interested in the ow of a uid on a urved manifold suh as the sphere (oean
5
urrents). In general the manifold M will have a boundary. For an ideal uid,
it is suient that the veloity eld be tangential to the boundary.
In the real world, dissipation (visosity) annot be ignored near the bound-
ary, even if it is small away from the boundary. Thus, the physially orret
boundary ondition is that the veloity eld must vanish at the boundary, not
just its tangential omponent. We will assume this stronger ondition in what
follows.
Thus, all vetor elds will vanish at the boundary. All dieomorphisms
redue to the identity at the boundary.
1.2.2 Two Dimensional Inompressible Fluids
A partiularly interesting example is the ase of inompressible uids in two
dimensions. Geophysial appliations inlude oean urrents and atmospheri
ows whih are approximately two dimensional: the atmosphere and the oeans
have a depth small ompared to the diameter of the Earth. As an example we
onsider the ase of ow in the plane and with ρ = 1 : a part of the sphere that
is small enough that the urvature an be ignored. We will return to a more
general theory later.
We an eliminate w by taking the url of the above equation. In two dimen-
sions, the url of veloity (`vortiity') is a salar
ω = ∂1v2 − ∂2v1.
Sine
∂1(vj∂jv2)− ∂2 (vj∂jv1) = ∂1vj∂jv2 − ∂2vj∂jv1 + vj∂jω (6)
= ∂1v1∂1v2 + ∂1v2∂2v2 − ∂2v1∂1v1 − ∂2v2∂2v1 + vj∂jω(7)
= ω(∂jvj) + vj∂jω (8)
= vj∂jω (9)
Moreover, every inompressible vetor eld is of the form
v1 = ∂2χ, v2 = −∂1χ
for some `stream funtion' χ. Vortiity is then
ω = −∂21χ− ∂22χ ≡ ∆χ.
where ∆ is a positive laplaian. Given appropriate boundary onditions, this
is an invertible operator. Thus we an regard the vortiity as the dynamial
variable and the veloity potential as derived from it by solving the above ellipti
dierential equation.
Also,
vj∂jω = ∂2χ∂1ω − ∂1χ∂2ω = {χ, ω}
whih is the Poisson braket on a two dimensional phase spae. It is anti-
symmetri and satises the Jaobi identity.Thus, two dimensional inompress-
ible ow redues to the pair of equations
6
∂ω
∂t
+ {χ, ω} = 0, ω = ∆χ.
The Green's funtion of the laplaian (with appropriate boundary ondi-
tions), an be thought of a linear operator whih solves the Poisson equation
χ = Kω. Then the equation of motion of an inompressible uid in two dimen-
sions beomes the non-linear integro-dierential equation
∂ω
∂t
+ {Kω,ω} = 0. (10)
2 The Rigid Body
It is useful to start with an example of a mehanial system that looks like the
opposite extreme from a uid: a rigid body. We will see that there are many
similarities in the basi mathematial formulation, although uid mehanis
is muh more ompliated. It is interesting that the basi equations of both
extremes are due to Euler.
2.1 Euler Equations
Reall the Euler equations of a rigid body on whih no external fores are
ating are an expression of the onservation of angular momentum L. In the
non-inertial referene attahed to the body itself, this takes the form
dL
dt
+Ω× L = 0
where Ω is the angular veloity. These quantities are related by a positive
symmetri tensor (linear operator), I the moment of inertia:
L = IΩ.
The moment of inertia I is dened in terms of the density of the rigid body
as follows:
Iij = δijMkk −Mij , Mij =
∫
ρ(x)xixjdx,
It is obvious that the matrixM ≥ 0. Suppose its eigenvalues areM1,M2,M3,
all positive numbers. Then Mkk = M1 +M2 +M3 . The matries M and I are
diagonal in the same basis, and the eigenvalues of Iij are
I1 = M2 +M3, I2 = M1 +M3 I3 = M1 +M2.
Thus I ≥ 0 as well. The basis in whih I is diagonal forms the prinipal
axes of the body and I1, I2, I3are alled the prinipal moments of inertia.
If we ompare with the Euler equations in two dimensions, we see that the
vortiity is analogous to angular momentum and the veloity potential analogous
7
to angular veloity. Also, the ellipti dierential operator ∆ above is analogous
to the moment of inertia. The ross produt of vetors (whih is anti-symmetri
and satises the Jaobi identity) orresponds to the Poisson braket of funtions.
L←→ ω, Ω←→ χ, I ←→ ∆,× ←→ {, } .
Of ourse, the angular momentum has only three independent omponents while
vortiity belongs to an innite dimensional spae. So uid mehanis is muh
more ompliated.
There is a o-ordinate system, whih moves together with the body, in whih
Iij is diagonal:
L1 = I1Ω1, L2 = I2Ω2, L3 = I3Ω3.
In terms of these the Euler equations beome
dΩ1
dt
+
I2 − I3
I1
Ω2Ω3 = 0,
dΩ2
dt
+
I3 − I1
I2
Ω3Ω1 = 0
dΩ3
dt
+
I2 − I2
I3
Ω1Ω2 = 0
(11)
They are solved in terms of the three Jaobi ellipti funtions .
2.1.1 Hamiltonian Formalism
A rigid body moves so that the distane between any two points on it remains
xed. Thus its onguration spae is the isometry group of R3. More preisely
the onneted omponent of the isometry group, whih onsists of rotations
and translations. The translations are uninteresting as they simply desribe a
straight-line on whih the enter of mass moves. Thus, we an think of the
group of rotations SO(3) as the onguration spae of a rigid body.
The omponents of angular momentum satisfy the Poisson braket relations
{L1, L2} = L2, {L2, L3} = L3, {L3, L1} = L1.
Just as the kineti energy due to translational motion of a partile is
P
2
2m ,
the rotational kineti energy of a rigid body is given by
H =
L21
2I1
+
L22
2I2
+
L23
2I3
(12)
in the basis where Iij is diagonal. Indeed, we an hek that Euler equations
above are implied by this hamiltonian and the above Poisson brakets:
dLi
dt
= {H,Li} .
8
2.1.2 The Ellipti Curve
The Poisson algebra of angular momentum has a non-trivial enter. That is,
there is a polynomial in the generators that ommutes with (has zero Poisson
brakets with) all the generators:
L2 = L21 + L
2
2 + L
2
3. (13)
It is the square of the magnitude of anguar momentum. In partiular, it
ommutes with the hamiltonian and hene is a onserved quantity:
dL2
dt
= 0.
Of ourse, the hamiltonian is itself a onserved quantity.
Thus the solution to the Euler equations desribes parametrially the urve
whih is the intersetion of the sphere (13) with the ellipsoid (12). This in-
tersetion an be either a union of disjoint irles immersed in R3 or a single
onneted losed urve, depending on the values of H and L.
So the solution of Euler's equation has a purely algebrai desription. When
solving algebrai equations, it is useful to ontinue to omplex values, even if the
physial values are real as in our ase. The intersetion urve is then a omplex
urve, a manifold of two real dimension. A moment's thought will onvine you
that this manifold must be a torus: it is ompat, and the time evolution denes
an everywhere non-zero vetor eld on it. (Only onnetedness needs a proof
whih we skip.) Thus was born the theory of ellipti urves.
The theory of ellipti urves have been honed into a ne marble sulpture in
the garden of mathematis. But some of the life has been lost in this proess:
the physis seems to be lost.
2.1.3 Geodesis on SO(3)
Euler equations have a natural geometri interpretation as geodesis on the
rotation group, with respet to a metri determined by the moment of inertia.
This metri is, in interesting ases, not bi-invariant. Instead, it is only invariant
under the left ation. Thus we an visualize the universal over of the rotation
group as a three dimensional ellipsoid.
To see where this metri omes from, remember that the Lie algebra of a
group an be thought of as the spae of left-invariant vetor elds. A positive
quadrati form on the Lie algebra denes a left invariant metri on the group.
Euler's equations desribe how the tangent vetors to the geodesis evolve, with
`time' having the meaning of ar length.
This point of view will be very useful for us in understanding hydrodynamis.
So we will desribe in more detail the geometry of left-invariant metris in a later
setion.
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3 Hamiltonian Systems From Lie Algebras
We will see that the Euler equation of both ideal uid mehanis and the rigid
body are speial ases of a lass of dynamial systems obtained from a real Lie
algebra G. We digress a bit to desribe this lass of systems.
The set of observables of a lassial mehanial system is a Poisson alge-
bra. That is, a ommutative algebra on whih is dened in addition a bilinear
(Poisson braket) suh that
1. {f1, f2} = −{f2, f1} anti-symmetry
2. {{f1, f2} , f3}+ {{f2, f3} , f1}+ {{f3, f1} , f2} = 0 Jaobi identity
3. {f1, f2f3} = {f1, f2} f3 + f2 {f1, f3} Leibnitz identity
The algebra of funtions f : G∗ → R on the dual of a Lie algebra is an example
of a Poisson algebra. The exterior derivative of suh a funtion an be thought
of as valued in the dual of G∗, whih an be identied with G. Thus it makes
sense to take the Lie braket of a pair of suh exterior derivatives [df1(a), df2(a)]
evaluated at some point a ∈ G∗. A ontration with a itself gives a number. So
we dene the Poisson braket to be
{f1, f2} (a) = −ia ([df1(a), df2(a)]) .
The required properties follow from those of a Lie algebra and the exterior
derivative.
If we hoose a partiular funtion H as the hamiltonian, we get a dynamial
system for whih the time evolution of any observable is given by
df
dt
= {H, f} .
Now, every Lie algebra element ω ∈ G denes a linear funtion on its dual.
In this ase, we get a simpler form of this equation:
dω
dt
+ [dH, ω] = 0.
3.1 Metri Lie Algebra
A Metri Lie Algebra is a Lie algebra along with an inner produt (usually not
invariant). Now, an inner produt is a symmetri tensor on G, and hene an
be thought of as a quadrati funtion on G∗. If we hoose this funtion as the
hamiltonian, dh : G∗ → G will be a linear funtion; whih is another way of
thinking of an inner produt.
If our Lie algebra G admits an invariant inner produt <,> (not neessarily
H), we an write this equation a bit more expliitly. Then we an use the
invariant inner produt to identify G∗ and G and dH beomes just a linear
operatorK : G∗ → G :
10
H(ω) =
1
2
< ω,Kω > .
The equations of motion are then
dω
dt
+ [Kω,ω] = 0.
An example of this is the rigid body, where the Lie algebra is the ross
produt, the invariant inner produt is the dot produt and K is the inverse of
the moment of inertia, yielding Euler's equations .
When the Lie algebra admits no invariant inner produt it is not as easy
to write an expliit form for the equations. It is then useful to desribe it in a
basis Li of the Lie algebra. The Poisson braket is determined ompletely by
its eet on the generators:
{Li, Lj} = ckijLk
where ckij are the struture onstants of the Lie algebra in this basis. Thus
for example,
{Li, LjLm} = ckijLkLm + ckimLjLk
We are thinking of the basis elements of G as generators of the algebra of
polynomials on G∗. This is a formal translation of the point of view of most
physiists.
A partiularly simple polynomial is given by an inner produt on the Lie
algebra. Expressed in the above basis,
H =
1
2
hijLiLj
where hij = hji. If we use this as a hamiltonian, the equations of time evolution
df
dt
= {H, f} .
an be written as
dLk
dt
= hij cmik LmLj.
If the inner produt h where invariant, it would satisfy the identity
hij cmik + i↔ j = 0
and there would be no time evolution.
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3.2 The Metri Lie Algebra of a Two Dimensional Inom-
pressible Fluid
The set of funtions on the plane form a Lie algebra under the Poisson braket
{f, g} = ∂2f∂1g − ∂1f∂2g.
There an invariant inner produt in this Lie algebra
< f, g >=
∫
fgdx.
If hoose as hamiltonian the positive quadrati form
H(ω) =
1
2
< ω,Gω >
where G is the Green's funtion of the Laplae operator ∆, the equations of
motion obtained are exatly those of an inompressible uid in two dimensions.
1
Thus the inner produt that denes an inompressible uid is
∫
f(x)G(x, y)g(y)dxdy
where
(
∂21 + ∂
2
2
)
G(x, y) = −δ(x, y)
with appropriate boundary onditions.
3.3 Dimensions Greater Than Two
Even if the dimension is greater than two, the hamiltonian of inompressible
uid is still a quadrati funtion on the Metri Lie Algebra of inompressible
vetor elds. However there is no longer any obvious invariant inner produt,
so we have to ontend with desribing the equations a bit indiretly.
The ondition of inompressibility
∂k
(
ρvk
)
= 0 (14)
is equivalent to
Lvρ = 0.
It follows that the ommutator of two inompressible vetor elds is also
inompressible: the set of solutions Vρ of 14 is a Lie algebra with the same Lie
braket as before. A linear funtion on Vρ is of the form
∫
ρviaidx for some
1-form a. But, a gauge transformation
a 7→ a+ dΛ
1
We must assume appropriate boundary onditions on ω so that H(ω) exists.
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leaves this funtion unhanged. Thus the dual of Vρ is the spae of 1-forms
modulo exat 1-forms:
V∗ρ ≡ Λ1/dΛ0.
The kineti energy of the uid is a simple quadrati form on the Lie algebra
of inompressible veor elds.:
1
2
∫
ρvivjgijdx. The dual variable dual to v
i
an
be thought of as just
ai = [gijv
j ]
the square brakets being there to remind us that we must take the equiv-
alene lasses under gauge transformations. Thus the Hamiltonian an only
depend on the vortiity
ω = da, ωij = ∂iaj − ∂jai.
But it must be a zeroth order operator in terms of veloity.
H =
1
2
(ω,Gω)
where G is the Green's funtion of the ellipti system
ω = da, ∂i
(
ρgijaj
)
= 0.
The Euler equations in vortiity form are
∂ω
∂t
+ Lvω=0
where we are to regard v as the unique inompressible vetor eld determined
by the vortity by
∂i[ρv
i] = 0, ∂i[gjkv
k]− ∂j [gikvk] = ωij
with appropriate boundary onditions.
4 Three Dimensional Inompressible Flow
This is the most important kind uid ow: the vast majority of physial phe-
nomena take plae in three dimensions and the veloities are small ompared to
the speed of sound.
4.1 The Clebsh Variables
In this ase Euler equations an be expressed in a simpler form using a parametriza-
tion due to Clebsh [2℄:
ω = dq ∧ dp (15)
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It is lear that this is only possible beause dω = 0.Loally, any one-form in
R3 an be expressed in the form
a = dλ+ qdp
so that any exat two form is loally of the form 15.
In terms of these variables, Euler equations beome the statement that p, q
are onstant along streamlines:
∂p
∂t
+ vi∂ip = 0,
∂q
∂t
+ vi∂iq = 0
The veloity is determined in terms of p, q by
vi = gij [∂jλ+ q∂jp]
Here, λ is eliminated by the ondition of inompressibility
∂i[ρv
i] = 0 ⇐⇒ ∂i[ρgij(∂jλ+ q∂jp)] = 0.
4.1.1 Canonial Relations
The Clebsh variables p, q are anonial onjugates of eah other. That is, if we
postulate anonial ommutation relations
{p(x), q(y)} = δ(x− y), {p(x), p(y)} = 0 = {q(x), q(y)}
and the hamiltonian
H =
1
2
∫
ρvivjgijdx
with videtermined in terms of p, q as above, we get the Clebsh form of the
Euler equations.
To see this note that the anonial ommutation relations give
{F, p(y)} = − δF
δq(y)
, {F, q(y)} = δF
δp(y)
for any funtion of p, q. For example, if
F =
∫
f ij∂iq∂jpdx
{F, p(y)} = −∂jf ij∂ip, {F, q(y)} = −∂jf ij∂iq (16)
if f ij is independent of p, q. Now, the kineti energy of the uid an also be
writen as
H =
1
2
∫
ρvivjgijdx =
1
4
∫
f ijωijdx =
1
2
∫
f ij∂iq∂jp
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where ρvi = ∂jf
ij
and f ij = −f ji is the veloity potential. Therefore
∂p
∂t
= {H, p} = −vi∂ip, ∂q
∂t
= {H, q} = −vi∂iq
whih are the Euler equations.
An extra fator of 2 appears (anelling the
1
2 in the Hamiltonian) ompared
to 16 beause f ij itself depends linearly on v and hene on p, q.
4.1.2 The Moment Map
Marsden and Weinsetin [6℄ showed that the Clebsh parametrization has a nat-
ural geometri interpretaion. On the spae F of real valued funtions on a
manifold with density, there is an inner produt
< f, g >=
∫
fgρdx.
This an be used to turn F ⊕ F into a sympleti vetor spae: the onjugate
pairs of funtions p, q parametrize this phase spae. Sine volume preserving
dieomorphisms preserve the inner produt above, they must at as anonial
transformation on this phase spae. The innitesimal generaror these transfor-
mations is just vortiity. The Clebsh parametrization
ω = dq ∧ dp
is analogous to the formula for angular momentum
L = r× p
in Eulidean spae. The dot produt is a rotation invariant inner produt
in R3, whih turns R3 ⊕ R3 into a phase spae on whih the rotations at as
anonial transformations generated by L.
A diretion for further researh
This point of view allows us to generalize the theory of a three dimensional in-
ompressible uid to the ase where the underlying manifold is non-ommutative
sphere: a kind of `regularization' of hydrodynamis where eah point is replaed
by a fuzzy objet whih is the average of many points. In addition to being more
mathematially rigorous (the equations of motion are nite dimensional ODEs
instead of PDEs) this might be a physially realisti desription of the large
sale behavuor of uids: the small sale utuations in veloity are averaged
out to get an eetive theory that s not no longer loal.
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4.2 The Lie Algebra of an Ideal Isentropi Fluid
The set of vetor elds V on a manifold is a Lie algebra under the ommutator
or Lie braket,
[u, v]i = uk∂kv
i − vk∂kui.
V ats on the spae of salars F through the derivative
Luφ = vk∂kφ.
The sum of the two vetors spaes V ⊕ F = G is thus a Lie algebra as well:
[
(u, φ), (u˜, φ˜)
]
=
(
[u, u˜],Luφ˜− Lu˜φ
)
This is the semi-diret sum of the Lie algebra of vetor elds and the abelian
Lie algebra of salars.
The dual of F is the spae of salar densities F∗:
iφρ =
∫
φρdx.
The dual of V is the spae of o-vetor densities V∗:
ivj =
∫
vijidx.
Given funtions F,G : V∗ ⊕F∗ → R, their Poisson brakets are given by
{F,G} =
∫
ρ
(
δF
δjk
∂k
δG
δρ
− δG
δjk
∂k
δF
δρ
)
dx+
∫
ji
(
δF
δjk
∂k
δG
δji
− δG
δjk
∂k
δF
δji
)
dx
This an be written also as
{F,G} =
∫
δG
δjk
[
−ρ∂k δF
δρ
− ji∂k δF
δji
− ∂i
(
jk
δF
δji
)]
dx−
∫
δG
δρ
∂k
[
ρ
δF
δjk
]
dx.
Choosing G to be a linear funtion, we get a partiularly onvenient form of
the Poisson braket:
{F, jk} = −ρ∂k δF
δρ
− ji∂k δF
δji
− ∂i
(
jk
δF
δji
)
{F, ρ} = −∂k
[
ρ
δF
δjk
]
So far we have not needed any additional geometri strutures suh as a
Riemannian metri: all the derivatives above make sense without the need of a
onnetion.
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Now we identify the variables ji, ρ physially as momentum density and
mass density respetively. The Hamiltonian is the sum of kineti and potential
(internal) energies of the uid:
H =
∫
jijj
2ρ
gijdx+
∫
U(ρ)dx
where gij is a Riemannian metri on the underlying spae.
On physial grounds we know also that momentum density is mass density
times veloity:
ji = gikρv
k
so that
δH
δji
= vi.
The equations of motion
∂ji
∂t
= {H, ji} , ∂ρ
∂t
= {H, ρ}
beome
∂ji
∂t
= −ρ∂k
[
−1
2
gijjijj
ρ2
+
∂U
∂ρ
]
− ji∂kvi − ∂i
(
jkv
i
)
∂ρ
∂t
= −∂k
(
ρvk
)
.
We an simplify the rst of these
∂ji
∂t
+∇i
(
jkv
i
)
=
1
2
ρ∂k
[
gijv
ivj
]− ρvigij∇kvj − ρ∂k
[
∂U
∂ρ
]
where ∇i is the ovariant derivative of the Riemann metri gij .The rst two
terms on the right hand side anel eah other. If we identify the enthalpy as
w =
∂U
∂ρ
we get
∂ji
∂t
+∇i
(
jkv
i
)
+ ρ∂kw = 0
or
∂vi
∂t
+ vk∇kvi + gik∂kw = 0
along with the onservation of mass:
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∂ρ
∂t
+ ∂k
(
ρvk
)
= 0.
These are exatly the Euler equations for an isentropi ideal uid we obtained
earlier, exept that there we looked at the speial ase of the Eulidean metri.
The Lie algebra V ⊕ F as well as the Poisson algebra following from it are
independent of the hoie of metri. But the hamiltonian H depends on this
hoie. In this ase, the hamiltonian is not a quadrati funtion, unlike in the
ase of the rigid body or the inompressible uid. If the equation of state is a
polytrope w = ρ3 it is possible to think of the hamiltonian as a ubi funtion.
Perhaps this is worth deeper study.
5 Riemannian Geometry
We review here some fats about Riemannian manifolds, to rephrase some basi
fats in a language onvenient for our purposes. This is not meant as an intro-
dution to Riemannian geometry. There are several exellent texts available, in
partiular the one by Chavel [9℄.
5.1 Covariant Derivative
A ovariant derivative (onnetion) ∇uv of a vetor eld v on a manifold M
along another vetor eld u should satisfy the onditions of linearity in u, v as
well as
∇u[fv] = f∇uv + u(f)v, ∇fuv = f∇uv.
Thus it involves rst derivatives of v and no derivative of u. Explitly in
o-ordinates
[∇uv]i = uj∂jvi + Γijkujvk
for a set of onnetion oeients Γijk. We will only be interested in on-
netions without torsion:
∇uv −∇vu = [u, v].
The uvature is the tensor eld dened by
R(u, v)w = ∇[u,v]w −∇v∇uw +∇u∇vw.
Given a Riemannian metri g on the manifold, there is a unique onnetion
of zero torsion and whih preserves the metri:
g(∇uv, w) + g(v,∇uw) = u (g(v, w)) .
Expliitly in o-ordinates, this onnetion has oeients
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Γijk =
1
2
gil {∂jglk + ∂kglj − ∂lgjk}
The urves that extermize the ation
∫
g(x˙, x˙)dt
are the geodesis; they satisfy the equation
∇x˙x˙ = 0
or
x¨i + Γijkx˙
j x˙k = 0.
It will be onvenient to dene the urvature bi-quadrati form
R(u, v) = g (R(u, v)v, u)
5.2 Geodesi Deviation and Curvature
The urvature form determines the rate of deviation of nearby geodesis from
eah other.
Consider a geodesi xi(t) , expressed in a o-ordinate system entered at the
initial point: xi(0) = 0.
d2xi
dt2
+ Γijk
dxj
dt
dxk
dt
= 0.
Dx˙
dt
= 0.
Let the initial veloity be v ∈ T0M. An innitesimally lose geodesi to this
one will satisfy
D2yi
dt2
+Rijkl
dxj
dt
dxk
dt
yl = 0.
D2y
dt2
+R(x˙, y)x˙ = 0.
The vetor eld y along the original geodesi onnets the points at equal
time on two nearby geodesis. It is alled the Jaobi vetor eld. We an derive
an equation for the length squared of the Jaobi eld
1
2
d2|y(t)|2
dt2
=
∣∣∣∣Dydt
∣∣∣∣
2
−R(x˙, y).
Suppose the initial onditions for the Jaobi equation are
19
y(0) = 0,
Dyi
dt
(0) = u, x˙ = v.
That is, we onsider two geodesis starting at the same point but with
slightly dierent initial veloities.
Then
|y(t)|2 = t2|u|2 − t
3
3
R(u, v) + O(t4).
The rst term would have been the answer in Eulidean spae. Thus, if
R(u, v) < 0, the geodesi with tangent vetor v is unstable with respet to an
innitesimal perturbation in the diretion u.
5.3 Curvature as a Biquadrati
We saw that the urvature tensor on a Riemannian manifold desribes the be-
havior of geodesis under small hanges of the initial onditions. Therefore,
it ontrols the stability properties of a physial system whose time evolution
is along geodesis. It will be useful to alulate this tensor for left-invariant
metris on a Lie group to understand the stability of systems suh as the rigid
body or an ideal uid. The formulas an get quite ompliated, but a trik
mentioned in Milnor's artile allows us a simpler desription. We will derive a
simple formula that is quite useful in our appliations by going a little beyond
Milnor in this diretion.
Reall that a o-variant symmetri tensor on a vetor spae is exatly the
same thing as a quadrati form. A ovariant symmetri tensor is a bilinear map
Q : V × V → R, satisfying Q(u, v) = S(v, u). A quadrati form is a funtion
Q : V → R that satises the saling property
Q(λu) = λ2Q(u).
Given a ovariant symmetri tensor we an onstrut a quadrati by taking
the speial ase when its entries are equal:
Q(u) = Q(u, u).
Conversely, we an get a symmetri tensor from a quadrati by `polarization':
Q(u, v) =
Q(u+ v)−Q(u)−Q(v)
2
.
These maps are inverses of eah other.
In the same spirit, a tensor with the symmetries of the Riemmanian urva-
ture is fully determined by a bi-quadrati form on the tangent spae. In the
appliations we have in mind, this is a muh more onvenient desription, as
we will be able to write expiit formulas and identify their positivity properties
more easily.
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Reall that a bi-quadrati is a funtion on a vetor spae T : V × V → R
that satises
T (λu, v) = λ2T (u, v), T (u, λv) = λ2T (u, v).
Now, the Riemann urvature tensor is a fourth rank tensor dened by
r(u, v, w, x) = g
(∇[u,v]w −∇u∇vw +∇v∇uw, x) .
It denes a biquadrati on the tangent spae by hoosing w = u, v = x [8℄
r(u, v) = g
(∇[u,v]u, v)−G (∇u∇vu, v) +G (∇v∇uu, v)
This funtion satises
r(λu, v) = λ2r(u, v), r(u, v) = r(v, u), r(u.u) = 0. (17)
The meaning of these onditions is that k(u, v) = r(u,v)
g(u,u)g(v,v)−g(u,v)2 depends
on the subspae dened by u, v. To prove this, we just have to show that the
ondition
r(au + bv, cu+ dv) = (ad− bc)2r(u, v) (18)
is equivalent to the onditions (17). The denominator is the area of the par-
allelogram in the tangent spae with sides u, v. The ratio k(u, v) is the setional
urvature of the plane spanned by u, v.
As Milnor points out, the onditions (17) imply in turn all the symmetry
properties of a Riemann tensor. Also, k(u, v) determines fully the Riemann
urvature tensor through a `polarization' identity[9℄:
r(u, v, w, x) =
1
6
[
∂2
∂s∂t
{r(u + sw, v + tx)− r(u + sx, v + tw)}
]
s=t=0
.
The Rii tensor is the trae of the Riemann tensor; equivalent to it is the
quadrati form
r(u) = r(u, ei, u, ej)g
ij
where eiis some basis in the tangent spae and g
ij
is the inverse of the matrix
of inner produts gij = g(ei, ej).
From our urrent point of view it an be viewed as the average over all
vetors
r(u) =
∫
r(u, v)dµg(v).
The average is with respet to the Gaussian measure on the tangent spae,
with zero mean and ovariane given by the metri g. Reall that in terms of
omponents
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∫
vivjdµg(v) = g
ij
Also, the Rii salar is the further average over u:
r =
∫
r(u)dµg(u).
This point of view has the advantage that it extends to innite dimensions.
Also it is more natural in appliations involving random fores.
6 Geometry of Left-Invariant Metris
Let G be a Lie group. Its Lie algebra G an be thought of either as the tangent
spae at the identity or as the spae of left invariant vetor elds on G. An inner
produt G on G is thus equivalent to a left-invariant Riemannian metri on G.
We will study the geodesis and urvature of this metri. Using homogenity,
all omputations an be redued to the Lie algebra. The basi referene is the
artile by Milnor [8℄, espeially Setion 5. We will go beyond Milnor in deriving
expliit formulas in a form useful for appliations to mehanis.
6.1 Covariant Derivative
The ovariant derivative (Levi-Civita onnetion) is determined by the deriva-
tive of a left-invariant vetor eld by another. We will denote the ovariant
derivative on a group manifold by D to distinguish it from the ovariant deriva-
tive on a general Riemannian manifold, whih we denote by ∇. This will be
helpful when we talk of the dieomorphism group of a Riemannin manifold: the
derivative on the group of dieomorphisms and that on the underlying manifold
are losely related, but not idential notions.
The onditions of zero torsion and preserving the metri beome
Duv −Dvu = [u, v],
G (Duv, w) +G (v,Duw) = 0;
The zero torsion ondition an also be written as
G (Duv, w) −G (Dvu,w) = G ([u, v], w) .
Its yli permutations give
G (Dvw, u)−G (Dwv, u) = G ([v, w], u)
G (Dwu, v)−G (Duw, v) = G ([w, u], v)
Adding the rst and third and subtrating the seond, and using the invari-
ane of the metri
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G (Duv, w) =
1
2
{G ([u, v], w)−G ([v, w], u) +G ([w, u], v)}
Dene the linear operator u˜ : G → G by
G (u˜v, w) = G ([u, v], w) +G (v, [u,w]) . (19)
If the metri G were invariant under the Lie algebra, u˜ would vanish for all
u. Thus it measures the deformation of the metri. Now,
G (u˜v, w) +G (v˜u, w) = G ([u,w], v) +G ([v, w], u) . (20)
Thus
Duv =
1
2
{[u, v]− u˜v − v˜u} .
6.2 Geodesis on a Group Manifold
Given a urve γ : [a, b]→ G, its tangent vetor at eah point an be thought of
as an element of the Lie algebra:
dγ
dt
= γv.
Thus the tangent vetors give a urve in the Lie algebra v : [a, b]→ G.
We an denes the ation of the urve as
S(γ) =
1
2
∫ b
a
G(v, v)dt.
(Some geometers all this quantity the energy; physiists would all it the
ation.)
A geodesi is a urve at whih the ation is stationary with respet to small
variations.
To ompute this variation, let us onsider a one parameter family of urves;
that is a map
φ : [0, ǫ]× [a, b]→ G, for some positive number ǫ. We require that the initial
and nal points are left unhanged φ(s, a) and φ(s, b) are independent of s.
Dene
∂φ
∂t
= φv,
∂φ
∂s
= φu.
So u(s, a) = u(s, b) = 0.
We get the integrability ondition
∂sv = ∂tu+ [v, u].
Regarding φ(., s)for eah value of s as a urve, the ation beomes a funtion
of s. Its derivative is
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∂sS(γs) =
∫ b
a
G(∂sv, v)dt =
∫ b
a
G (∂tu+ [v, u], v) dt
Using the linear operator v˜ : G → G dened earlier
G ([v, u], v) = G (u, v˜v) .
By integration by parts
∂sS(γs) = −
∫ b
a
G(u, ∂tv − v˜v)dt.
Thus the geodesi equation on the group beomes the ODE on the Lie algebra
∂tv +Dvv = 0. (21)
6.3 Curvature of a Left-Invariant Metri
We will now alulate explitly the urvature bi-quadrati for a Metri Lie Al-
gebra; i.e., for a Lie algebra (G, G) with an inner produt on it.
G (DvDuu, v) = −G(Duu,Dvv) = −G (u˜u, v˜v) .
−G (DuDvu, v) = G (Dvu,Duv) = −1
4
|[u, v]|2 + 1
4
|u˜v + v˜u|2.
G
(
D[u,v]u, v
)
=
1
2
G ([[u, v], u], v)− 1
2
|[u, v]|2 + 1
2
G ([v, [u, v]], u)
Thus
R(u, v) = −3
4
|[u, v]|2+1
2
{G ([[u, v], u], v) +G ([v, [u, v]], u)}+1
4
|u˜v+v˜u|2−G (u˜u, v˜v)
The middle term an be further simplied using
G([u,w], v) = G(u˜w, v) −G(w, [u, v])
and G(u˜w, v) = G(u˜v, w). We get
1
2
{G ([[u, v], u], v) +G ([v, [u, v]], u)} = |[u, v]|2 + 1
2
G ([u, v], v˜u− u˜v) .
Thus
R(u, v) =
1
4
|[u, v]|2 + 1
2
G ([u, v], v˜u− u˜v) + 1
4
|u˜v + v˜u|2 −G (u˜u, v˜v)
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If the metri is bi-invariant, only the rst term survives: the urvature of
a bi-invariant metri is postive. We an `omplete the square' on the rst two
terms to get
R(u, v) =
1
4
|[u, v] + v˜u− u˜v|2 +G(u˜v, v˜u)−G (u˜u, v˜v) (22)
This simple formula appears to be a new result.
We already see something important: the setional urvature in any plane
that ontains a Killing vetor is positive:
u˜ = 0 =⇒ R(u, v) = 1
4
|[u, v] + v˜u|2.
This result is known but is hard to see with the formulas known in the
literature.
6.4 Example: The Two Dimensional Lie Algebra
The only non-abelian Lie algebra of dimension two has ommutation relations
in terms of basis vetors
[e0, e1] = e1
or in terms of omponents
[u, v] = (0, u0v1 − v0u1) .
The only metri is (up to a hange of basis that does not hange the above
ommutation relations)
G(u, v) = u0v0 + u1v1.
The orresponding group manifold is the half plane,
H = {(x0, x1)|x0 > 0}}
with the multipliation law
(x0, x1)(x
′
0, x
′
1) = (x0x
′
0, x0x
′
1 + x1).
The orresponding left-invariant metri is the Poinare metri. It is well
known that this metri has onstant negative urvature. Hene it an serve as
a simple model of an unstable dynamial system.
We get
G(v˜v, w) = G(v, [v, w]) = v1(v0w1 − w0v1)
so that
v˜v = (−v21 , v0v1).
25
The geodesi equation in the Lie algebra beomes
dv0
dt
= −v21 ,
dv1
dt
= v0v1 (23)
The solution is (saling t so that |v| = 1)
v0 = − tanh t, v1 = 1
cosh t
.
To get the urve in the group we must solve
dg
dt
= gv
where gv denotes the ation of the group on its Lie algebra.
Viewing v as an element innitesimally lose to the identity
(x0, x1)v = (x0v0, x0v1)
Thus
dx0
dt
= x0v0,
dx1
dt
= x0v1. (24)
The Riemannian metri is thus the Poinare' metri
dt2 =
dx20 + dx
2
1
x20
.
Thus geodesis are
(
A
cosh(t− t0) , B +A tanh[t− t0]).
(It is onvenient to hoose the origin of time as the point where v0(t) vanishes
instead of the starting time.) These are the well-known semiirles
x20(t) + (x1(t)−B)2 = A2.
6.4.1 Conserved Quantities of Geodesi Motion
The Killing vetors of the Poinare' metri
f0 = x0∂0 + x1∂1, f1 = ∂1, f−1 = (x
2
1 − x20)∂1 + 2x0x1∂0
form the SL(2, R) Lie algebra:
[f0, f1] = f1, [f0, f−1] = f−1, [f1, f−1] = 2f0.
The orresponding onserved quantities of geodesi motion are
F0 = x0p0 + x1p1, F1 = p1, F−1 = (x
2
1 − x20)p1 + 2x0x1p0
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where pa are the anonial onjugates of x
a :
{pa, xb} = δab.
Sine the geodesi equations have as hamiltonian
H =
1
2
gab(x)papb
we get
dxa
dt
= gabpb. Expressing in terms of the variables vaintrodued earlier
pa =
va
x0
.
Thus we see that the onserved quantities of the equations (23,24) above are
F0 = v0 +
x1
x0
v1, F1 =
v1
x0
, F−1 =
x21 − x20
x0
v1 + 2x1v0.
Of these, F0, F1 generate the left translations of the half-plane thought of as
a group. Now, note that F 20 − F1F−1 = v20 + v21 whih is an `obvious' onserved
quantity. Putting in the formula for the L's we get the semi-irle for the shape
of the geodesi.
Curvature Form
It is straightforward to alulate the urvature biquadrati for this ase:
R(u, v) = −[u0v1 − v0u1]2
whih simply says that the setional urvature is:
K(u, v) = −1.
We use this simple ase to hek the numerial fators in our formula for
urvature.
6.5 Geodesis on SO(3)
Consider R3 as a Lie algebra with the ross-produt as the Lie braket:
[u, v] = (u2v3 − u3v2, u3v1 − u1v3, v2 − u2v1) .
A orresponding Lie group is SO(3). Any inner produt in R3 an be brought
to the diagonal form by a rotation without hanging the Lie braket:
G(u, v) = G1u1v1 +G2u2v2 +G3u3v3
Thus
G(u˜v, w) = G1 {[u2v3 − u3v2]w1 + [u2w3 − u3w2] v1}
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+G2 {[u3v1 − u1v3]w2 + [u3w1 − u1w3] v2}
+G3 {[u1v2 − u2v1]w3 + [u1w2 − u2w1] v3}
so that
[u˜v]1 =
G1 −G3
G1
u2v3 +
G2 −G1
G1
u3v2, · · ·
The dots denote three more relations obtained by yli permutations. In
partiular,
[v˜v]1 =
G2 −G3
G1
v2v3
The geodesi equations beome
dv1
dt
+
G3 −G2
G1
v2v3 = 0, · · ·
Calulating as above gives the formula for urvature
R(u, v) =
(G2 −G3)2 + 2G1(G2 +G3)− 3G21
4G1
(u2v3 − v2u3)2 + · · ·
In partiular, if we hoose u = (0, 1√
G2
, 0)to be a unit vetor in the seond
prinipal diretion and v to be a unit vetor in the third diretion the setional
urvature of the 23−plane is
K23 =
(G2 −G3)2 + 2G1(G2 +G3)− 3G21
4G1G2G3
.
The others are given by yli permutations.
6.5.1 Stability of the Rigid Body
Even for an anisotropi rigid body with G1 < G2 < G3, the rotations around
the prinipal axes are time-independent: (v1, 0, 0) for example is a solution of
the Euler equations [1℄. Under small perturbations, the rotations around the
prinipal axes with the largest and smallest moment of inertia are stable. But
a rotation around the prinipal axis with the middle value of moment of inertia
is unstable: small perturbations grow exponentially.
The geometri piture allows us to generalize this analysis to time-dependent
solutions. The geodesi deviation equation shows that a small perturbation
along u to a geodesi with tangent vetor v will grow exponentially if R(u, v) < 0.
Let us see under what onditions this is possible. A hange of variables from
the prinipal moments of inertia to the prinipal urvatures of the body will
help us.
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Reall that the prinipal moments of inertia are
G1 = M2 +M3, · · ·
where M1,M2,M3 are the (always positive) eigenvalues of the moment ma-
trix M =
∫
ρx⊗ xdx.
Dene their reiproals
µ1 =
1
M1
=
[∫
ρ(x)x21dx
]−1
, · · ·
In terms of these,
(G2 − G3)
2
+ 2G1(G2 + G3) − 3G
2
1 = 4 [M1M2 +M1M3 −M2M3] .
=
4
µ1µ2µ3
[µ2 + µ3 − µ1]
R(u, v) =
µ2 + µ3 − µ1
µ1(µ2 + µ3)
[u2v3 − u3v2]2 + · · ·
Thus, if the three prinipals µ1, µ2, µ3 satisfy the triangle inequalities,
µ1 + µ2 > µ3, µ2 + µ3 > µ1, µ3 + µ1 > µ2
the urvature R(u, v) will be positive for all pairs: a rigid body that is not
`too anisotropi' is geodesially stable. But these inequalities an be violated
for a `at enough' shape. Let us look at an example.
Stability of a rotating ylinder
If the body has an axis of symmetry (say the third axis) µ1 = µ2 and
R(u, v) =
µ3
µ1(µ1 + µ3)
{
[u2v3 − u3v2]2 + [u1v3 − u3v1]2
}
+
2µ1 − µ3
2µ1µ3
[u1v2 − u2v1]2
So an instability arises if
µ3 > 2µ1.
Consider a rotating ylinder of uniform density. Its height is h and its radius
is r. It is elementary that
M1 = M2 =
r2
4
, M3 =
h2
12
.
µ1 = µ2 =
4
r2
, µ3 =
12
h2
.
Thus a ylinder with too small a height
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h ≤
√
3
2
r
will be unstable. If it is rotating around one of its diameters, it is unstable
with respet to a hange of axis towards one of the other diameters. An example
of suh motion is a oin toss.
7 The Geometry of Dieomorphisms
It is a remarkable fat that the set of Dieomorphisms of a Riemannian manifold
is itself a Riemannian manifold. This "higher Riemannian geometry" is the
proper language of many interesting physial systems suh as ideal uids. Suh
repetitions of strutures at a higher level happen quite often in mathematis:
the set of Riemannian metris on a manifold is itself a Riemmannian manifold;
the set of omplex strutures is a omplex manifold; the set of Kähler strutures
is itself a Kähler manifold and so on.
7.1 The Cirle
The simplest manifold is the irle. So the rst example of a Dieomorphism
groupmust beDiff(S1). The standard metri on the irle leads to the L2−metri
on this group.
G(u, v) =
∫ 2pi
0
u(x)v(x)dx.
The deformation tensor of a vetor eld on the irle is easily found from
G(u˜v, w) = G(uv′−vu′, w)+G(v, uw′−wu′) =
∫
{uv′w − vu′w + vuw′ − vwu′} dx.
to be
u˜ = −3u′.
Thus the ovariant derivative on the Lie algebra is
Duv =
1
2
{[u, v]− u˜v − v˜u} = u′v + 2uv′.
The geodesi equation is the invisid Burger's equation
∂v
∂t
+ 3v
∂v
∂x
= 0.
The urvature form
R(u, v) =
1
4
|[u, v] + v˜u− u˜v|2 +G(u˜v, v˜u)−G (u˜u, v˜v)
30
redues to
R(u, v) = |[u, v]|2.
Thus the L2-metri on Diff(S1) has positive urvature.
A Tehnial Remark
This ontradits the statement in [4℄ and in several other plaes in the math-
ematis literature that the L2− metri on the group of dieomorphisms of M
has zero urvature if (M, g) is itself at. In partiular, it is not possible to
alulate the urvature of the subgroup of inompressible dieomorphisms by
using the Gauss-Codazzi formula as is often laimed. This is despite the fat
the nal answer has an unanny resemblane to this formula . The onfusion
arises beause there is a onnetion on Diff(M) whose urvature form is the
average of the urvature form of M . But it does not preserve the metri on the
group manifold:
∫
g(∇uv, w)dvg +
∫
g(v,∇vw)dvg 6= 0
where dvg is the Riemannian volume element on M . We take a more diret
route in the next setion to avoid this pitfall.
7.2 Inompressible Dieomorphisms
Given a salar density on a manifold, the set of dieormorphisms that preserve
it form a subgroup:
Dρ = {φ ∈ D|ρ(x) = det ∂φ(x)ρ (φ(x))} .
Its Lie algebra is the set of vetor elds of zero divergene. Reall that the
divergene of a vetor eld is dened with respet to a density as
divu =
1
ρ
∂i
[
ρui
]
.
From the identity
div[u, v] = u [divv]− v [divu]
it follows that inompressible (divergeneless) vetor elds form a sub-Lie
algebra, whih we will all G.
Given a Riemannian metri g on M there is an inner produt on the spae
of vetor elds on M :
G(u, v) =
∫
g(u, v)ρ.
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We will all this the L2−inner produt even though we are not ompleting
the spae of vetor elds with respoet to the indued norm. Dene now the
deformation tensor u˜ of a vetor eld:
G(u˜v, w) =
∫
{g([u, v], w) + g(v, [u,w])} ρ
=
∫
{g(∇uv −∇vu,w) + g(v,∇uw −∇wu)} ρ
where ∇u is the Riemannian ovariant derivative on the manifold (M, g).
Thus
G(u˜v, w) =
∫
{∇u [g(v, w)]} ρ−
∫
viwj [∇iuj +∇jui] ρ
After an integration by parts the rst term is zero, when u has zero diver-
gene. It follows that
[u˜v]j = − [∇iuj +∇jui] vj +∇iφ(u, v)
where φ(u, v)is to be hosen suh that the lhs has zero divergene:
∇i {− [∇iuj +∇jui] vj +∇iφ(u, v)} = 0
Thus, absorbing ∇(g(u, v))into the gradient term,
[u˜v + v˜u] = −[∇vu+∇uv] +∇ip(u, v)
[Duv] =
1
2
{[u, v] +∇vu+∇uv} +∇p(u, v)
But
[u, v] = ∇uv −∇vu
so that
[Duv] = ∇vu+∇p(u, v), ∇2p(u, v) + div∇vu = 0.
In partiular
Dvv = ∇vv +∇p
whih p hosen suh that the divergene is zero. So the geodesi equation
on the group of volume preserving dieomorphisms is the Euler equation, as
promised.
The L2−inner produt allows us to split the spae of vetor elds into the
subspae of divergene-free vetor elds (whih is also a subalgebra) and another
subspae of gradients:
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u = uT +∇φ(u), divuT = 0, ∇2φ(u) = divu.
This is an orthogonal deomposition.The Riemannian ovariant derivative in
the group of volume preserving dieomorphisms is just the transverse projetion
of the ovariant derivative on (M, g):
Duv = [∇uv]T .
Thus we an split the L2−inner produt on vetor elds into transverse and
longitudinal piees
G(u, v) = T (u, v) + S(u, v)
where
T (u, v) = G(uT , vT ), S(u, v) = G(∇φ(u),∇φ(v)).
In other words, even if w is not of zero divergene
G(Duv, w) = T (∇uv, w)
7.3 Curvature of the Dieomorphism Group
R(u, v) = G
(
D[u,v]u, v
)−G (DuDvu, v) +G (DvDuu, v)
= G
(
D[u,v]u, v
)
+G (Dvu,Duv)−G (Duu,Dvv)
= G
(∇[u,v]u, v)+ T (∇vu,∇uv)− T (∇uu,∇vv)
where we use the fat that v has zero divergene.
Now,
∇[u,v]u =
= r(u, v)u +∇u∇vu−∇v∇uu
R(u, v) =
∫
r(u, v)ρ+G (∇u∇vu−∇v∇uu, v) + T (∇vu,∇uv)− T (∇uu,∇vv)
Set w = ∇vu, whih may not have zero divergene, even though u and v are
of zero divergene. Then,
G (∇uw, v) =
∫
g (∇uw, v) ρ
=
∫
∇u [g(w, v)] ρ−
∫
g (w,∇uv) ρ
33
= −G(w,∇uv) = −S(w,∇uv)− T (w,∇uv)
And similarly for G(∇v∇uu, v). Thus
R(u, v) = r¯(u, v) + S(∇uu,∇vv)− S(∇vu,∇uv)
where
r¯(u, v) =
∫
r(u, v)ρ
is the urvature form of (M, g) averaged by the density. It is not diult
now to work out expliit answers for a at torus and reover Arnold's original
results. We nd the present form more useful as well as more general.
8 Conlusion
Arnold's geometri explanation of the instabilities of an ideal uid raises an
important physial question. Do the Euler equations desribe the time evolution
of real uids? Any theoretial desription of a physial system is an idealization
in whih small fores are ignored. This is usually justied beause small fores
have small eets.
Near an unstable point this breaks down . Just think of a pendulum balaned
preariously on its head, at the unstable equilibrium point. A small fore in
either diretion an topple it in one diretion or the other . The nal outome
is random, sine no one an predit with ertainty suh tiny perturbations.
What if a system is dynamially unstable at every point in its phase spae?
This is the ase with an ideal uid. In this ase no where is it justied to ignore
the unprediatable small fores. Instead of prediting these fores, we must
model them as a stohasti proess; for example, as Gaussian white noise. The
time evolution of the system in then a stohasti dierential equation.
What is the evolution of an unstable dynamial system under innitesimally
small white noise random fores? In a later paper [10℄ we will show that this
an be redued to a deterministi dynamial system, but with twie as many
degrees of freedom. The Euler equations will then get replaed with equations
for geodesis on the tangent bundle of the dieomorphism group.
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